Solving the Poisson Equation by the Finite Element Method

We wish to solve the Poisson equation

A= flry)

on a region in space Q that does not have a simple enough geometry to allow solution by separation of variables.
For simplicity we will assume that the solution obeys Dirichlet boundary conditions on the boundary Q.

We will follow the familiar Galerkin method, which begins with the construction of the weak form of the
equation:

j(; (-Au(x)) v(x)dx = jg; Ax) v(x) dx
On the left we use Green's first identity.
‘/(; (-Au(x)) v(x)dx = -'/f;ﬂg_Z(X) v(x)dx + _/(; Vu(x)-Vv(x) dx
Because v(x) is a test function that satisfies the Dirichlet boundary conditions, the first integral vanishes.
_/(; Vu(x)-Vv(x)dx = j(;f(x) v(x)dx
As before, we introduce a bilinear form
a(u,y) = _/(; Vu(x)-Vv(x)dx

and recast the problem as having to find the u(x) that satisfies

a(u,v) = (fv)
for all test functions v(x).

Next, we restrict our space of test functions to a finite subspace spanned by a set of functions ¢,(x) and try to
construct the function

up(x) = Z“i 9(x)

that satisfies

a(upsp;) = (£,0,)
for all i. Once again, this leads to an N by N system of equations
Ac=b
where
Ai,/ = a((ﬂi’(ﬂj’)
and
b;=(, ¢)

As before, it is to our advantage to select a set of basis functions ¢, that have the effect of making the 4 matrix as
simple as possible. Once again, we will seek to construct a family of "spike" functions that each have limited
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support in Q and yet collectively the supports of all the ¢, functions covers all of Q.

The construction of appropriate spike functions in R" is somewhat more challenging technically. In the
accompanying Mathematica notebook I will show how to construct such a set of spike functions to cover a region
inR".



