Eigenfunctions of the Laplace Operator on a Rectangular Domain
Consider the Laplace operator
Lpu=-Awu

defined on a space of functions satisfying Dirichlet boundary conditions on a rectangular region {2 =
{2y 0<2< 1l ,0< y<b)inR™

we{ve 02[!2] | v(0,y) = v(l1,y) = 0, v(z,0) = v(z,l5) =0 }

To begin the process of computing eigenfunctions and eigenvalues of this operator we take a cue
from the geometry of the region {2 and assume that eigenfunctions take the form

w(@y) = u(z) ux(y)
This leads to a solution method known as separation of variables.

Substituting this assumption into the eigenvalue equation

-Au=Au
leads to
: a%lg?uxy) _ a%g;ﬂy) = X wi(2) ua(y)
or
- uy(y) m - uy () M = A uy(7) up(y)
dz? dy?
or
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w(z)  da? u(y)  dy?

Since the first term on the left is independent of y and the second term is independent of z, the only
way for these two terms to always sum to a constant is for each term separately to equal a constant.
We introduce constants 6, and 6, and demand that

0, + 0y = A

2
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w(z)  dz?
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u(y)  dy?

This separates the original PDE into a pair of ODEs. The original Dirichlet conditions
w(0,y) = u(l,y) = 0, u(z,0) = w(z,l) =0
also separate cleanly to produce Dirichlet conditions for each of the ODEs:
u(0) = uy(h) =0
u2(0) = uz(ly) = 0

The first ODE

has solutions

up(z) = sin|[”l77 q,j| ,n=12,..
1

which leads to

The second ODE has solutions

which leads to

Thus we see that the eigenfunctions of the original PDE are

U(LIZ) — sin|M.T Psin|m.m y\
khJ kb)

with associated eigenvalues



A=0) + 6, =

L b
Solving the Poisson Equation with Dirichlet Boundary Conditions

As an application of the ideas we developed above we now solve an instance of the Poisson equation
with Dirichlet boundary conditions on 2 = {z,y| 0 <2<} ,0 <y < h}:

-Au= f(xay)

As wusual, we start by assuming that the solution is a sum over eigenfunctions. Since the
eigenfunctions are indexed by two integer indices, we have to sum over all possible values of these
two indices:

u(z,y) =

n M%%

i m SIn T ghsin T )
sl T s 3

We likewise assume that the forcing function can be written as a sum of eigenfunctions

flz,y) = ijl ijl m Sin |(n Uy g;\lsml(m yiy y\|

where the double Fourier sine coefficients of f(x,y) can be computed via

n,m fffa:y81n|m7rq)|sm|(m7ry\|dxdy
12 A

(It is interesting to note here that this method works even in cases in which the forcing function
f(z,y) itself can not be written as the product of a function that depends only on z and a function
that depends only on y.)

Substituting all of this into the PDE gives

S 2 9
u= Z E n 7T + m 271- ‘a/ Sln(nﬂ- "17\|Sln|(m7r Z)'
e ™ ) \ b
= flzy) = 21 E Cn,m smlm ’s x‘|sin|(% y‘|
e (2
From this we read off that
An,m = Cn,m
2 2 2
n m + m T

A time dependent problem



We now consider an example involving the wave equation on a rectangular region 2 = {z,y| 0 < 2 <
h,0<y<b}

2
Lg—cQAu:O
ot

u(:z:,y,O) = zb(:r:,y)

ou _
T (7,9,0) =0

U(O,y,t) = u(llayat) = Oa u(x,O,t) = U(IL‘,ZQ,t) =0

We assume that solutions take the form

= 5,5 ) snfu 5 pingn 7
e \ Iy { Iy

and that the initial function can be written as a combination of eigenfunctions

Y(z,y) =

u MS

i Cn,m Sin |(n s x\|sin |(% g)|
- )

where

n,m ffl J:y81nm7rx\|81n|(m7ry\|dxdy
12 A W

The initial condition leads immediately to

u(az,y,O) = Xi]

an,m(0) s1n|m ™ :U‘|Sin |[%T y‘| = Y(z,y) = miil ij Cp,m SN |(n ™ :z)lsinl[%r gﬁl
2 2

i damm(O) sin (n ™ :z)lsmlfm T g)l =0
=bode (I

or

i daniﬂg(t) sin |m s :L‘\lsin |{M y\l +
=1 dt \ l2



\an,m(t) sin |(Mr ﬁ|SiIl |(Mr y\| =0
b ) Nk )

or
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We can now solve the problem by solving the family of ODEs

2
d anm(?) n 2 ‘(nQ 72 N 2 7r2\

\ b

dt

™ )

an,m(o) = Cn,m

da
dlnm ) = 0
dt

Neumann Boundary Conditions
Consider now the Poisson equation

-A u(:r:,y) = f(xvy)

on a rectangular spacial region 2 = {z,y| 0 < 2z < }; , 0 < y < b} with Neumann boundary
conditions:

ue {ve Q)] 9U(0,y) = 9U(1y) = 0, 9V (x.0) = JV(xl) = 0}

ox Jy Oy
An application of the divergence theorem gives us that
fo(X) dx = - fQA u(x) dx = - fQV - Vu(x) dx = - meU(X) -ndx = - (m% dx =0

which leads to a compatibility condition for this problem.
[ Qf(x) dx =0

To solve this problem, we start by assuming once again that we can solve for eigenfunctions of the
differential operator by the method of separation of variables.

u(r,y) = uy (1) up(y)

Following reasoning similar to that we applied above, we see again that the problem separates into
two sets of ODEs for u;(z) and uy(z).



The first ODE

d2U1(1’)

dz?

+ 61 uy(z) =0

dul dul
4 (0) & (h)

has solutions

u(z) = COS|[HZ—7T :v]| ,n=0,12,..
1

which leads again to

Likewise, the second ODE has solutions

up(y) = cosm” y]| .m=0,1,2,..
2

which leads again to

The novel aspect in this case is the presence of 0 eigenvalues, which slightly complicates the task of
forming Fourier expansions. For example, to compute the Fourier coefficients of the forcing function
f(z,y) we have to consider the n = 0 and m = 0 cases separately.

The first case

b
C,0 = % % J [ ) dudy
5> h

will vanish since f(z,y) has to satisfy the compatibility condition.

The next cases are

com=22 f(fzf(flf(x,y)cosru y)dedy
bk \ b )

ly pl
o= 2 2 f02f01f(x,y)cos|(M x‘| drdy
b I \b )

and the general case is



nm—**

f f flz,y COS|m s :v‘|cos|(m s y‘| dxdy
b i
To solve the Poisson equation we now assume that the solution takes the form

u(z,y) = E (0 cos|m us 19| + X 24 ag, cos|(m s y\| + 21712—3 (U, ;mCOS [n s a)'COS'[Tr; T y\|
- h 2

To solve for the coefficients a,, , we solve

n2 7T2
9 n,0 = Cn,0
h
m2 7'('2
9 ao,m = €o,m
lp
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n m m T g =cC
9 9 n,m n,m



